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GRASSMANNIANS AND CONFORMAL STRUCTURE ON ABSOLUTES
Sasha Anan′in, Eduardo C. Bento Gonc¸alves, and Carlos H. Grossi
Abstract. We study grassmannian classic geometries in the spirit of [AGr1]. The interrelation between a
(pseudo-)riemannian projective classic geometry and the conformal structure on its ideal boundary (absolute)
is explained. Such interrelation encompasses, for instance, the usual conformal structure on the absolute of
real hyperbolic space, the usual conformal structure on the absolute of de Sitter space, the contact structure
on the absolute of complex hyperbolic space, and the causal structure on the absolute of anti-de Sitter space.
Dedicated to the memory of Waldyr Rodrigues Jr.
1. Introduction
We study the geometry of a nondegenerate hermitian form on an R- or C-vector space V from
the viewpoint of the grassmannian Gr(k, V ). The grassmannian consists of two complementary parts:
Gr0(k, V ), formed by nondegenerate subspaces, and the absolute.
A tangent vector at p ∈ Gr0(k, V ) is a linear map t : p → p⊥ and the trace tr(t∗
1
t2) provides an
hermitian metric on Gr0(k, V ). It seems, however, that there may exist a more adequate way to deal
with the geometry of grassmannians. For example, the characteristic polynomial char(t∗
1
t2), or simply
the product t∗
1
t2 itself, can be taken in place of the hermitian metric. We can also take tangent vectors
t1, t2 observed at distinct points (see Section 2 for the definition). In the latter case, tr(t
∗
1t2) looks like
a mixture of the usual hermitian structure and parallel displacement; see (3.2), for instance.
The product t∗
1
t2 partially survives at a degenerate point p. Indeed, denote Vq := q
⊥/q, where q
stands for the kernel of the hermitian form on p. The points on the absolute with the same q form a
fibre of a certain bundle and the product t∗
1
t2 is defined for tangent vectors to such fibre because Vq is
naturally equipped with a nondegenerate hermitian form. In particular, we obtain a hermitian metric
on the fibre. Surprisingly, this hermitian metric provides the conformal (or conformal contact) structure
on the absolute of PV . In other words, the conformal structure is exactly what remains from the metric
when we arrive at the absolute.
Many projective (k = 1) geometries are well known: real/complex hyperbolic, spherical, Fubini-Study,
de Sitter, anti de Sitter, etc. The basic geometrical objects in these geometries, such as geodesics, totally
geodesic subspaces, equidistant loci, etc., have linear nature (see [AGr1] and the references therein).
In other words, grassmannians constitute a natural habitat for important geometrical objects in classical
spaces. Moreover, the geometry of grassmannians accounts for an explanation of the interrelation
between the (pseudo-)riemannian metric of a projective geometry and the conformal structure on its
absolute. Particular cases of conformal structures that are subject to this approach include the usual
conformal structure on the absolute of real hyperbolic space, the usual conformal structure on the
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absolute of de Sitter space, the contact structure on the absolute of complex hyperbolic space, and the
causal structure on the absolute of anti-de Sitter space (see Examples 3.3–5).
The causal structure on the absolute of anti-de Sitter space plays an important role in general relativity
and the theory of black holes (see, for instance, [Car], [HoP], and the references therein). Another
known application is possibly of a more unexpected nature: the absolute of anti-de Sitter 4-space can
be identified with the lagrangian grassmannian Λ(2), the space of lagrangian planes in a 4-dimensional
symplectic R-linear space. In other words, Λ(2) is naturally equipped with an extra structure arising
from causal geometry (see [Cal] and Subsection 3.7). This phenomenon may be seen as a geometrical
manifestation of the exceptional isomorphism Spin(2, 3) = Sp(4,R).
Acknowledgements. It was with great sadness that we heard of the passing of Professor Waldyr
Rodrigues Jr. He was a dear friend and an exceptional scientist with whom we had the pleasure and
the privilege to discuss many subjects related to mathematics and physics. Waldyr was very fond of
natural, invariant, and coordinate-free methods in geometry, a point of view that gave rise to this paper.
We are also very grateful to Alexei L. Gorodentsev and Nikolay A. Tyurin for their stimulating
interest to this work.
This paper was partially developed while the third author was enjoying the hospitality of the MPIM in
Bonn.
2. Tangent structure and stratification
Let V be an n-dimensional K-vector space equipped with a nondegenerate hermitian form 〈−,−〉,
where K = R or K = C. The grassmannian GrK(k, V ) of k-dimensional K-vector subspaces in V can be
described as follows. Take and fix a K-vector space P such that dimK P = k. Denote by
M :=
{
p ∈ LinK(P, V ) | ker p = 0
}
the open subset of all monomorphisms in the K-vector space LinK(P, V ). The group GLK P acts from
the right on LinK(P, V ) and on M . The grassmannian GrK(k, V ) is simply the quotient space
GrK(k, V ) := M/GLKP, pi : M →M/GLKP.
We will not distinguish between the notation of points in GrK(k, V ) and of their representatives inM .
Moreover, we will frequently write p in place of the image pP and p⊥, in place of the orthogonal (pP )⊥
to that image: in practice, it is impossible to confuse a map and its image. For example, V/p will
denote V/pP . So, our notation and convention are similar to those used in [AGr1].
The tangent space TpM is commonly identified with LinK(P, V ) as follows. Given ϕ : P → V , the
curve c(ε) := p + εϕ lives in M for small ε and ϕ is identified with c˙(0). We use a slightly different
identification TpM = LinK(p, V ) where p takes the place of P . In this way, t ∈ LinK(p, V ) is interpreted
as the tangent vector c˙(0), where c(ε) := (1+εt˜)p and t˜ ∈ LinK(V, V ) extends t. Note that t ∈ LinK(p, V )
is tangent at p to the orbit pGLK P if and only if tp ⊂ p since in this case (1 + εt˜)p = pg for small ε
and suitable g ∈ GLK P . Therefore, Tp GrK(k, V ) = LinK(p, V/p).
2.1. Remark. Fix a linear subspace w ⊂ V . Denote by GrK(k, w, V ) ⊂ GrK(k, V ) the space of all
k-dimensional subspaces in V included in w. The identification GrK(k, w, V ) ≃ GrK(k, w) provides the
equality TpGrK(k, w, V ) = LinK(p, w/p) ⊂ LinK(p, V/p).
Dually, let GrK(k, V, q) ⊂ GrK(k, V ) denote the space of all k-dimensional subspaces in V containing q,
where q ⊂ V is a d-dimensional subspace. We will show that TpGrK(k, V, q) = LinK(p/q, V/p) for all
p ∈ GrK(k, V, q).
The identification i : GrK(k, V, q) → GrK(k − d, V/q) can be formally described as follows. Fix an
epimorphism 0 : P → P0. The same symbol denotes the canonical map 0 : V → V/q. We can think of
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every p ∈ GrK(k, V, q) as of a linear map p : P → V that sends the kernel of 0 : P → P0 onto q. So,
i : p 7→ p0, where p0 : P0 → V/q is induced by p in the commutative diagram
P 0−−−−→ P0
p
y p0y
V 0−−−−→ V/q
.
Fix some p ∈ GrK(k, V, q). A given linear map t : p → V satisfying tq ⊂ q induces a linear map
t0 : p0 → V/q in the commutative diagram
P 0−−−−→ P0
p
y p0y
p 0−−−−→ p0
t
y t0
y
V 0−−−−→ V/q
,
where 0 : p → p0 is induced by 0 : V → V/q. Fix some t and the induced t0. The curves c(ε) :=
(1V + εt˜)p ∈ M and c0(ε) := (1V/q + εt˜0)p0 ∈ M0 have tangent vectors c˙(0) = t and c˙0(0) = t0, where
t˜ : V → V and t˜0 : V/q → V/q are extensions of t and t0. Since tq ⊂ q, the map c(ε) : P → V sends
the kernel of 0 : P → P0 into q. For small ε, it sends that kernel onto q because c(0) = p. It is easy
to infer from the above diagrams that i : c(ε) 7→ c0(ε). In other words, i sends the tangent vector
t ∈ TpGrK(k, V, q) ⊂ LinK(p, V/p) corresponding to t to the tangent vector t0 ∈ Tp0 GrK(k − d, V/q) =
LinK(p/q, V/p) corresponding to t0. Since the t0’s list all linear maps of the form p/q → V/q, we obtain
TpGrK(k, V, q) = LinK(p/q, V/p) ⊂ LinK(p, V/p) 
There is a stratification
GrK(k, V ) =
⊔
d
GrdK(k, V ), Gr
d
K(k, V ) :=
{
p ∈ GrK(k, V ) | dimK(p ∩ p
⊥) = d
}
.
The subspaces of a given signature form an UV -orbit. Therefore, every stratum is the disjoint union
of a finite number of such orbits, hence, a manifold. Associating to each p the kernel of the hermitian
form on p, we get the UV -equivariant fibre bundle
pid : Gr
d
K(k, V )→ Gr
d
K(d, V ), pid : p 7→ p ∩ p
⊥.
The fibre pi−1d (q) can be naturally identified with Gr
0
K(k−d, Vq), where Vq := q
⊥/q is equipped with a nat-
ural nondegenerate hermitian form and dimK Vq = n−2d. By Remark 2.1, Tp pi
−1
d (q) = LinK(p/q, q
⊥/p)
for all p ∈ pi−1d (q) because Gr
0
K(k − d, Vq) is open in GrK(k − d, Vq).
Let p ∈ pi−1d (q). Clearly, q = p∩ p
⊥, q⊥ = p+ p⊥, and Vq = p0⊕ p
⊥
0 , where p0 := p/q and p
⊥
0 = p
⊥/q.
Denote by pi′[p0] and pi[p0] the corresponding orthogonal projectors. We have Tp pi
−1
d (q) = LinK(p0, p
⊥
0
).
Being extended by zero, a tangent vector t0 : p0 → p
⊥
0 can be viewed as a linear map t : Vq → Vq.
We found it reasonable to interpret every linear map t : Vq → Vq as a footless tangent vector: composed
with the projectors, i.e., observed from p0, the map t becomes tp0 := pi[p0]tpi
′[p0], a usual tangent vector
to pi−1d (q) at p0.
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In the case of d = 1, the map pi1 shows how the generic part Gr
1
K(k, V )
of the absolute of the grassmannian GrK(k, V ) is fibred over the absolute
SV := Gr1K(1, V ) of the projective classic geometry PKV = GrK(1, V ).
Fibres are easy to visualize: they correspond to subspaces ‘rotating’
about their common one-dimensional kernel, hence, forming a dense
open part of the grassmannian GrK(k − 1, n − 2). If k = 2, each fibre
carries the structure of a projective classic geometry.
2.2. Remark. Let K = R. The tangent space to the absolute
SV has the form Tq SV = LinK(q, Vq). Indeed, take u ∈ V such that
SV ⊂ PKV is locally given by the equation f(x) = 0 in a neighbourhood
of q, where f(x) :=
〈x, x〉
〈x, u〉〈u, x〉
. Let t : q → V/q be a tangent vector to PKV at q and let t˜ : V → V be
a lift of t. Then t is tangent to SV if and only if tf = 0, i.e.,
d
dε
∣∣∣
ε=0
〈q + εt˜q, q + εt˜q〉
〈q + εt˜q, u〉〈u, q + εt˜q〉
=
2Re〈t˜q, q〉
〈q, u〉〈u, q〉
=
2Re〈tq, q〉
〈q, u〉〈u, q〉
= 0.
(In the formula, q ∈ V denotes an element representing the subspace q.) Thus, the bundle pi1 :
Gr1R(k, V )→ Gr
1
R(1, V ) is the nondegenerate part of the grassmannization of the tangent bundle of SV .
Let K = C. The above calculus shows that Tq SV =
{
t : q → V/q | Re〈tq, q〉 = 0
}
. Hence,
we get a CR-distribution LinK(q, Vq) ⊂ Tq SV , i.e., a contact structure on the absolute. The bundle
pi1 : Gr
1
C(k, V )→ Gr
1
C(1, V ) is the nondegenerate part of the grassmannization of this distribution 
The case of d > 1 deals with a ‘degenerate’ part of the absolute in the grassmannian. The bundle
pid : Gr
d
K(k, V ) → Gr
d
K(d, V ) is no longer the grassmannization of the tangent bundle of Gr
d
K(d, V )
(considering, say, the real case). Nevertheless, the bundle indicates a distinguished distribution whose
geometric nature would be interesting to dwell on.
3. Product, metric, and conformal structures
Consider a fibre pi−1d (q) of the bundle pid : Gr
d
K(k, V ) → Gr
d
K(d, V ). Let t1, t2 : Vq → Vq be two
footless tangent vectors to this fibre, where Vq := q
⊥/q. The footless vectors, the composition with
projectors (i.e., the possibility to observe a vector from a point), and the product t∗1t2 constitute the
main geometric structure on pi−1d (q) (t
∗
1 stands for the map adjoint to t1). Let us see what can we derive
from the main structure.
Take d = 0, p ∈ Gr0K(k, V ), and t1, t2 ∈ TpGrK(k, V ) = LinK(p, p
⊥) ⊂ LinK(V, V ). Then the equality
(3.1) 〈t1, t2〉 := ± tr(t
∗
1t2)
defines the (hermitian) metric on TpGrK(k, V ). Many examples with k = 1 were dealt with in [AGr1]
and some of them appear in Examples 3.3–5 below. One can introduce a more subtle structure by
considering the coefficients char(t∗1t2) ∈ K
k−d of the characteristic polynomial of t∗1t2. In this way, we
obtain [AGr2] geometric characteristics of the geodesic determined by a tangent vector t such as the
invariant det(t∗t)/ trk−d(t∗t).
Actually, we do not need the hermitian metric to measure distance. Let p1, p2 ∈ Gr
0
K(k, V ) and let
t ∈ LinK(p1, p
⊥
1 ) ⊂ LinK(V, V ) be a nonnull tangent vector at p1. We observe t at p2 and then observe
the result back at p1 thus obtaining a new tangent vector t
′ at p1. The change suffered by t
′ reflects how
p1, p2, and t are related. For example, take k = 1. If t is tangent to the projective line joining p1 and p2,
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then1 t′ = ta2(p1, p2)t. If t is orthogonal to the projective line, then t
′ = ta(p1, p2)t. Analogously, given
points p1, p2, p3 and a tangent vector t at p1, a similar procedure of successive observations leads to a new
tangent vector t′ at p1. Again, t
′ reflects the relation between p1, p2, p3 and t. In particular, if p1, p2, p3
lie in the riemannian part of a complex projective line, i.e., the triangle ∆(p1, p2, p3) is C-plane, and t
is tangent to this line, then t′ = t2
12
t2
23
t2
31
exp
(
2iArea∆(p1, p2, p3)
)
t, where tij := ta(pi, pj).
The variations involving the product are endless. For example, the product t∗
1
t2 of ti ∈ LinK(pi, p
⊥
i ) ⊂
LinK(V, V ), i = 1, 2, makes sense for distinct points p1, p2 ∈ Gr
0
K(k, V ). In particular, the hermitian
metric is defined for tangent vectors at different points. In the case of k = 1, this can be interpreted
as follows. We take the horizontal-vertical decomposition t2 = h + v of t2 [AGr1, Section 5] where h
and v are respectively tangent and orthogonal to the projective line joining p1 and p2. Then we make
separately the parallel displacement of h and v along the geodesic from p2 to p1 obtaining the vectors
h′ and v′. It follows from [AGr1, Corollary 5.7] that
(3.2) tr(t∗1t2) =
〈
t1, ta(p1, p2)h
′ +
√
ta(p1, p2)v
′
〉
.
Thus, for k = 1, the hermitian product of tangent vectors at different points can be interpreted in terms
of the usual hermitian structure and parallel displacement.
In the global picture composed of the pseudo-riemannian pieces in Gr0K(k, V ) and of the absolute,
the main geometric structure ties everything together. Tangent vectors to a point in one piece are
observable from the points in the other pieces and we can take the product of tangent vectors at points
in different pieces. This global picture also involves the geometry on the absolute.
We always found it curious and even a little bit mysterious the relation between the real hyper-
bolic structure on the ball and the conformal structure on its boundary. In other words, why do the
corresponding groups coincide? It follows some explanation.
Let K = R. By Remark 2.2, the bundle pi1 : Gr
1
R(2, V )→ Gr
1
R(1, V ) is the nondegenerate part of the
projectivized tangent bundle of the absolute SV = Gr1R(1, V ) ⊂ PRV . Every fibre pi
−1
1
(q) ≃ Gr0R(1, Vq)
carries the structure of a classic projective geometry. The bundle pi1 : Gr
1
R(2, V ) → SV with fibres
equipped with such geometry is the conformal structure on SV .
In the following examples, the nonisotropic part of a projective geometry is equipped with the met-
ric (3.1).
3.3. Example. Take K = R and signature + · · ·+−. The real hyperbolic space Hn−1
R
is the negative
part of PRV and its ideal boundary, the absolute, is the sphere SV ≃ S
n−2. Every fibre PRVq ≃ P
n−3
R
of
the conformal structure carries the positive definite constant curvature metric. The distances in a fibre
are nothing but the angles of the standard2 conformal structure on SV .
The positive part of PRV is a lorentzian manifold d S
n−1 known as de Sitter space. The real hyperbolic
space and the de Sitter space are glued along their absolutes to form the extended real hyperbolic space.
Of course, the real hyperbolic and the de Sitter spaces share the same conformal structure on their
common absolute 
3.4. Example. Take K = R and signature + · · ·+−−. The (real) anti-de Sitter space adSn−1 is the
negative part of PRV . It is a lorentzian manifold. Every fibre PRVq ≃ P
n−3
R
of the conformal structure
carries the metric of the extended hyperbolic space (see Example 3.3). Such a conformal structure is
1When p1 and p2 live in a same riemannian piece of Gr
0
K
(1, V ), the tance ta(p1, p2) :=
〈p1, p2〉〈p2, p1〉
〈p1, p1〉〈p2, p2〉
provides the
distance between p1 and p2 [AGr1, Section 3]. Otherwise, the tance provides the distance or angle between the basic
geometrical objects corresponding to p1 and p2.
2If one wishes to deal with angles varying in [0, 2pi], then the projectivization should be taken with respect to R+, from
the very beginning.
6 SASHA ANAN′IN, EDUARDO C. BENTO GONC¸ALVES, AND CARLOS H. GROSSI
known as a causal structure. It plays in anti-de Sitter geometry the same role played by the standard
conformal strucure in the absolute of the real hyperbolic space.
Curiously, the absolute of anti-de Sitter 4-space adS4 can be naturally identified with the space
Λ(2) of lagrangian planes in a 4-dimensional symplectic R-linear space (see Subsection 3.7). Hence, the
lagrangian grassmannian Λ(2) possesses a natural causal structure 
For k > 2, the geometry on the grassmannization Gr1R(k, V )→ Gr
1
R(1, V ) of the tangent bundle of the
absolute (see Remark 2.2) is related to the case of k = 2 in the same way as are related the grassmannian
and the projective classic geometries.
Let K = C. By Remark 2.2, the bundle pi1 : Gr
1
C(2, V )→ Gr
1
C(1, V ) is the nondegenerate part of the
projectivization of the CR-distribution on the absolute SV = Gr1C(1, V ) ⊂ PCV . Every fibre pi
−1
1
(q) ≃
Gr0C(1, Vq) carries the structure of a classic projective geometry. The bundle pi1 : Gr
1
C(2, V )→ SV with
fibres equipped with such geometry is the conformal contact structure on SV .
3.5. Example. Take K = C and signature + · · · + −. The complex hyperbolic space Hn−1
C
is the
negative part of PCV and its ideal boundary, the absolute, is the sphere SV ≃ S
2n−3. Every fibre
PRVq ≃ P
n−3
C
of the conformal contact structure carries the Fubini-Study metric. The distances in a
fibre are the angles between complex directions 
The CR-structure is sometimes taken as analogous to the conformal one. The above shows that they
are of distinct nature. Of course, the CR-structure underlies the conformal contact one. By a trivial
reason, they coincide when n = 3.
Note that any classic projective geometry can play the role of conformal structure. In particular,
the conformal structure can possess its own absolute and so on . . .
3.6. Comments and questions. Algebraic formulae that deal with geometrical quantities (the tance
and the η-invariant are simple examples; see [AGr1, Example 5.12]) work well for points in distinct pieces
of Gr0K(k, V ). In the global picture, such formulae use to alter its geometrical sense when the points
involved are taken in the other pieces. In this respect, it is interesting to understand if there is an
explicit geometrical interpretation of the main structure in the terms of the usual (pseudo-)riemannian
concepts for k > 2.
The bundle pid : Gr
d
K(k, V )→ Gr
d
K(d, V ) might admit a canonical connection. If so, what is its explicit
description?
3.7. The lagrangian grassmannian. The material in this subsection is well-known and closely
related to that in [Cal]. Our intention is simply to give it a complete description in the spirit of [AGr1]
and of the present paper.
Let V be a 4-dimensional R-linear space. We take and fix 0 6= ω ∈
∧4
V . The wedge product endows∧2
V with the symmetric bilinear form
〈−,−〉 :
∧2
V ×
∧2
V → R, a ∧ b = 〈a, b〉ω.
The form 〈−,−〉 is non-degenerate of signature −−−+++. Indeed, if b1, b2, b3, b4 is a basis in V such
that b1 ∧ b2 ∧ b3 ∧ b4 = ω, then the elements b1 ∧ b2± b3 ∧ b4, b1 ∧ b3± b2 ∧ b4, and b1 ∧ b4± b2 ∧ b3 form
an orthogonal basis in
∧2
V from which the signature of the form can be easily inferred.
Given a 2-dimensional subspace W 6 V , the restriction of 〈−,−〉 to
∧
2
W 6
∧
2
V is null. In other
words, the Plu¨cker map
Gr(2, V )
∧
2
→ Gr
(
1,
∧2
V
)
= P
∧2
V
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embeds Gr(2, V ) into the absolute SV of the classic projective geometry P
∧2
V . Hence, Gr(2, V )
∧
2
→ SV
is a diffeomorphism, because Gr(2, V ) and SV are manifolds of the same dimension, Gr(2, V ) is compact
without boundary, and SV is connected (alternatively, one may simply note that the conditions 0 6=
a ∈
∧
2V and a ∧ a = 0 imply a = v ∧ w for some linearly independent v, w ∈ V ).
Let 0 6= η ∈
∧
2
V be negative, that is, 〈η, η〉 < 0. Then V is equipped with the symplectic form
(−,−) : V × V → R, (v, w) := 〈η, v ∧ w〉.
A 2-dimensional subspace W 6 V is called lagrangian if the restriction of (−,−) to W ×W is null,
that is, if (−,−)
∣∣
W×W
= 0. The subset Λ(2) ⊂ Gr(2, V ) = SV corresponding to lagrangian planes is
known as the lagrangian grassmannian. Clearly, Λ(2) = Pη⊥ ∩ SV , where η⊥ stands for the orthogonal
complement to η with respect to the symmetric bilinear form 〈−,−〉. It follows from Remark 2.2 and
[AGG, Lemma 4.2.2] that the intersection of the hypersurfaces Pη⊥ and SV in P
∧
2
V is transversal.
So, the lagrangian grassmannian is a 3-dimensional submanifold of Gr(2, V ).
The symmetric bilinear form restricted to η⊥ has signature −−+++ and Pη⊥ ∩ SV is nothing but
the absolute of the projective classic geometry Pη⊥. In other words, the lagrangian grassmannian can
be naturally identified with the absolute of anti-de Sitter 4-space. It is therefore endowed with a causal
structure.
Causal structures in groups of symplectomorphisms/contactomorphisms constitute an important
topic in the geometry of contact manifolds [ElP].
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